This paper is concerned with a pointing controller for an imaging sensor mounted on a chaser satellite to track a target satellite to rendezvous. Inertial attitude of the imaging sensor is estimated with gyros and star trackers and a Kalman filter. It is shown that the pointing accuracy of the imaging sensor is independent of the misalignments of the gyros and star tracker axes with the imaging sensor axes. This is important because the misalignments may be uncalibrated or unknown. This paper presents the pointing controller, its analysis, and simulation results that support the claim. Further, the results demonstrate that the controller meets the pointing accuracy requirement under various misalignment conditions between the imaging sensor and the gyros and star trackers.
I. Introduction
T HIS paper is concerned with 1) the design of a pointing and tracking controller for an imaging sensor mounted on a chaser satellite, aided by misaligned gyros and star trackers, and 2) the evaluation of the controller's pointing accuracy while tracking a client satellite for rendezvous.
The paper is organized as follows. Section II presents the imaging sensor pointing and tracking controller and analysis of its pointing accuracy. Briefly, the pointing and tracking system comprises an imaging sensor, misaligned gyros and a star tracker for inertial attitude estimation of the focal plane with a Kalman filter, an extended Kalman filter for inertial relative navigation of the target satellite, glide-slope guidance for rendezvous, pointing and rate commands for tracking a target satellite, and an attitude controller. No alignment Kalman filter is used to calibrate the gyros and the star tracker. Therefore, when an attitude estimator receives measurements from the gyros and star tracker that are misaligned with the spacecraft axes or optic axes, the attitude estimation errors develop nonzero means. These mean errors cause errors in relative navigation of the target satellite, which in turn cause errors in the attitude and rate commands for pointing and tracking the target satellite. Transfer functions are developed that relate focal plane image angles with the attitude and rate command estimation errors and attitude and rate estimation errors. A linear statistical analysis is applied to evaluate the focal plane image angle caused by these estimation errors. The means of the attitude estimation errors and their variances are formulated in Sec. III. Expressions of steady-state pre-and postupdate mean attitude estimation errors with star tracker measurements are developed, and how attitude estimation errors affect relative navigation of the target satellite is shown. Section IV summarizes quaternion pointing commands and rate commands for tracking a target satellite. Section V presents simulation results for a rendezvous scenario that calls upon all of the above components of pointing and tracking and glide-slope guidance. Attitude estimation errors and line-of-sight (LOS) command estimation errors due to the gyros and star tracker misalignments are illustrated. It is then shown that the attitude error signal inputted to the attitude controller is independent of these misalignments, however, and apart from highfrequency noise the attitude error signal is nearly the same as the focal plane image angle, as intuition might suggest. The focal plane pointing accuracy is shown to be unaffected by the misalignments, and the pointing accuracy requirement is shown to be met just the same whether gyros and star trackers are misaligned with the optical bench or not. Section VI concludes the paper.
II. Pointing Error Analysis of an Optical
Navigation System Figure 1 portrays a single-axis closed-loop control system for pointing an imaging sensor at a target satellite and tracking it. An early multi-axis version of this controller is presented in [1] , but our objective here is to relate the focal plane angle of the target image with various error sources in the tracking system-a task analyzable more clearly in a single-axis setup. Intuitively, because the aim of the control system is to point the focal plane boresight at the target, it is the focal plane image angle " that is to be nulled and is of central importance; the spacecraft attitude control enables this process, but the spacecraft attitude and rate are quite possibly internal variables and should not be involved in the evaluation of the pointing accuracy. This thought will be our guide in the following pointing analysis. A single-axis (spacecraft y-axis) dynamics is considered below.
A. Focal Plane Image Angle and Its Estimate
As the inset diagram in Fig. 1 indicates, in the absence of any errors or measurement noise, the focal plane angle " is related to the focal plane boresight attitude y and the commanded pointing angle yc , both measured from the same inertial reference, as measurements of the incremental velocity V for guidance, and inertial position and velocity estimates of the own spacecraft furnished by an inertial navigation system (SIGI, Space Integrated GPS INS). As a result, the error yc depends on the errors in these inputs and also on the noise attenuation property of the relative navigation Kalman filter. As shown in Fig. 1 , the attitude control error signal", which is indeed an estimate of the focal plane image angle ", fed to the compensator is equal tô
The error in this estimate is thus equal to" ≜ yc y and consists of both the attitude command estimation error and attitude determination error. Note that the attitude error signal" is actually independent of the spacecraft attitude, as expected.
B. Rate Error and Its Estimate
Besides the error signal", the compensator requires a rate error also to damp". Ideally, the rate error is defined as ! e ! yc ! y where ! yc and ! y are the inertial rate command and the inertial rate, respectively. But only the estimates of these variables are known. While the inertial rate command ! yc is estimated from the estimates of the relative position and velocity of the target from the spacecraft, ' and_ ', the spacecraft rate ! y is measured by a gyro which, due to quantization of the measured incremental angle over, say, 5 ms, causes a quantization rate noise _ q (Fig. 1) . The gyro-measured rate is therefore equal to (! y _ q ). In the application that sponsored this work, the quantization rate noise _ q was far greater than the gyro drift rate. Further, the gyro drift rate is estimated by the attitude estimator, subtracted from the measurements, and corrected periodically with the star track measurements. Therefore, the gryro rate is not included in the analysis in this section, but is considered in Sec. III. Because the quantization rate noise is usually significant, the gyro measurement is passed through a first-order low-pass filter H LP ! LP =s ! LP 1=1 LP s where ! LP is the bandwidth of the filter and LP 1=! LP its time constant. The rate estimate! y , the output of this filter, is! y H LP (! y _ q ). The rate error signal ! e is then ( Fig. 1 )
Analogous to the attitude error signal", which is independent of the spacecraft attitude, it is useful to express ! e also independent of the spacecraft rate. For this purpose, observe that the rate command estimation error! yc is usually defined as! yc ! yc ! yc . To eliminate the spacecraft rate ! y ( _ y ) from ! e , differentiate Eq. (1), yielding
substitute! yc ! yc ! yc and ! y ! yc _ " from Eq. (4) in Eq. (3), and arrive at
which is now independent of the spacecraft attitude and rate. As a side comment, note that this equation suggests that to minimize the rate error, the low-pass filter bandwidth should be higher than the bandwidth of the rate command ! yc , the rate command estimation error! yc should be small, and the low-pass filter bandwidth should be no higher than necessary so as to minimize its response to the wideband quantization rate noise _ q .
C. Transfer Function of the Focal Plane Image Angle
To determine pointing accuracy " of the controller, that is, the focal plane image angle, it is now related with the pointing commands, disturbance acceleration d t, and various error sources introduced above. In particular, we derive the following transfer function between "s and the variables just mentioned Recall that the estimation error" in Eq. (6) equals yc y . The error yc arises from the relative position estimation error'. One of the sources of' is the attitude estimation error y because y is fed to the relative navigation extended Kalman filter (Fig. 1) . If the error y has a nonzero mean due to the gyro and star tracker misalignments, this mean error (time varying as we shall see in Sec. III) will misalign the inertial frame in which ' and _ ' are estimated, and then manifest itself in yc . A statistical analysis of attitude estimation error due to the misalignment angles is developed in Sec. III. Meanwhile we note that the misalignment angles apparently null themselves from yc y . There may still be some bias error in the estimates' and_ ' due to other sources of errors in the inputs to the relative navigation filter-inertial navigation, for instance, or due to the filter's inherent linear approximation. Denote the mean error signal as " yc y , where ( ) is the mean of the estimation error ( ). One can show with the aid of the final value theorem that, due to the integral gain in the attitude controller, the steady-state pointing accuracy " is " " .
D. Standard Deviation of the Focal Plane Image Angle
We will first determine the image angle " due to the zero-mean random error component in" caused by the attitude estimation error y . The variance of y depends on the gyro and star tracker random errors and star tracker measurement update interval, as analyzed in [2, 3] . The zero-mean random error in" due to yc may be significant also due to the errors in the inertial navigation of the chaser satellite, depending on the noise attenuation properties [4] of the relative navigation extended Kalman filter. However, regarding the image angle " due to y , note the following transfer function between " and the estimation error y s from Eq. (6) [8] shows that if the spacecraft attitude y is quantized with q rad per pulse, the quantization error can be approximated then as a band-limited white noise with the standard deviation= 12 p . If f s is the output sample frequency of the gyro (200 Hz in Fig. 1 ), then the flat spectrum of the quantization error is limited to 0:5f s f 0:5f s , and standard deviation (10) where a 0 ; . . . ; a 4 are coefficients of the quartic characteristic polynomial; these and b 2 are defined as
For details of deviation of Eq. (10), see [2] . Standard deviation of the image angle due to quantization rate noise is thus given by " from Eq. (10). The variance results Eqs. (9) and (10) will be illustrated in Sec. V.
III. Attitude Determination with Misaligned Gyros and Star Trackers
Our objective in this section is to determine the steady-state bias and variance of the attitude estimation error y when the attitude estimator employs measurements from the misaligned gyros and star trackers.
In practice, gyros, star trackers, and imaging sensors are somewhat misaligned from their ideal orientation due to installation imprecision, launch impacts, and time-varying thermal gradients in orbit. These misalignments can be estimated with an alignment Kalman filter [10] , but in its absence, it is not clear how the attitude estimation error y and the image angle " are affected by the misaligned, uncalibrated gyros and star trackers. One suspects in this circumstance the inertial attitude estimate y would be relative to a misaligned inertial frame instead of the true inertial frame, and therefore the estimated pointing commands yc would be relative to this misaligned inertial frame also, provided there are no other relative position estimation error sources. As a result, the focal plane image angle estimate, that is, the control error signal" yc y in Fig. 1 , would be, intuitively, independent of the gyros and star tracker misalignments. Our objective in this paper is to validate this intuition. The uncalibrated imaging sensor's own misalignment with the optical bench or spacecraft frame will, of course, cause a bias error in pointing that one will be able to estimate from the innovation using an adaptive relative navigation Kalman filter [9,11] but we will not pursue this topic here.
A. State-Space Model of Attitude Estimation with Misaligned Gyros
Following [10] and considering a single-axis again, the y b axis of the spacecraft, the y gyro is assumed to be misaligned by a small angle yx in the x b y b plane and a small angle yz in the y b z b plane. Then the rate input to the y gyro is
where ! ! x ; ! y ; ! z is the spacecraft angular rate in the spacecraft frame. We will now develop a recursive model of the attitude measurement process of this gyro after Markley and Reynolds [3] . A gyro measures the spacecraft attitude at a very high sampling frequency (200 Hz in Fig. 1 ). The (k 1)th sample of the spacecraft y attitude is given in terms of the kth sample by y;k1 y;k y;k1 (13) where y;k1 is the true incremental change in the y attitude in one sample period, to be measured by the y gyro. Recalling Eq. (12), the (k 1)th angle actually measured by the misaligned gyro before quantization is y;k1 y;k b k k y;k1 yx x;k1 yz z;k1 (14) where the sample period of this recursive process, b k the gyro drift rate, k the incremental random walk plus an angle due to the drift acceleration, and x;k1 and z;k1 are the incremental spacecraft attitude angles about the spacecraft x axis and z axis due to the orthogonal rates ! x and ! z . The gyro measures the last three terms in Eq. (14) as one quantity. Because of quantization, the gyro output angle will be y;k1;meas y;k1 q;k (15) where q;k is the quantization error. Because the mean and variance analysis of the attitude estimation error must be independent of the spacecraft attitude dynamics, the true incremental angle y;k1 is determined in terms of the quantized gyro measurements y;k1;meas by substituting y;k1 from Eq. (14) in the right side of Eq. (15), expressing y;k1 in terms of other quantities, and then substituting y;k1 in Eq. (13) . We then obtain the following recursive equations that do not involve y :
y;k1 y;k y;k1;meas y;k b k k k1 q;k (16a) y;k1 y;k1;meas q;k (16b)
where a gyro measurement is now an input; the third equation above models the change in the drift rate with k as an increment, and the error angle k1 abbreviates the last two terms in Eq. (14) k1 yx x;k1 yz z;k1
For further analysis, Eqs. (16) 
or, in compact notations, it is written as
where the definition of each symbol in Eq. (19) is apparent by correspondence with Eq. (18). The attitude estimation model for the y axis used in the attitude estimator is unaware of the gyro misalignments and the angle input k1 from orthogonal axes. Also, the mean of the noise vector w k in Eq. (29) is zero. Hence, the attitude estimation model iŝ
wherex k y;k ; b k ; y;k .
B. Attitude Estimation Error
Define the state estimation error vector [9] x k x k x k , governed by an equation obtained by subtracting Eq. (19) from Eq. (20)
Equation (21) is somewhat equivalent to the single-axis version of the three-axis Eq. (34) of [10] . Because of misalignment angles,x k is not a zero-mean vector. Indeed, taking the mean of Eq. (21), we arrive at
where x is the mean ofx.
To determine variance of the estimation error, define the zeromean random error inx as [9] x k x k x k . Then the equation governingx k is obtained by subtracting Eq. (22) 
The corresponding 3 3 covariance matrix propagation equation is 2 =12 is the discrete-time variance of the quantization error. Interestingly, the above mean and variance approach is different from the approach in [10] wherein one would use Eq. (21) directly for estimation and construct a cover covariance matrix of the spacecraft's rates and misalignment angles.
Because of a random walk, the variance of the spacecraft attitude estimate grows without bounds. To limit this variance, star tracker measurements are used, but a star tracker may also be misaligned. We consider this update process next.
C. Attitude Estimate and Variance Update with Misaligned Star Trackers
The spacecraft attitude measurement with star trackers may take place periodically, with a period T. Although not a requirement, here we assume that T is a multiple of the preceding sample period of the gyro attitude measurement process. In particular, following [3] , we assume that when k n, T n, a star tracker measures instantly the spacecraft attitude and furnishes z st y;n st;y st (24) where y;n is the true spacecraft attitude about the inertial y axis when k n; st;y is an unknown bias error in the star tracker measurement due to its misalignments, and st is a zero-mean white noise with variance 2 st contaminating the star tracker measurements. The gyro estimate of the spacecraft attitude y;n at t n just before the star tracker measurement is obtained from the state vector estimatê x n , Eq. (20). The vectorx n is updated tox n with the star tracker measurement z st , thuŝ
where K ss is the (3 1) Kalman gain vector of the steady-state attitude determination Kalman filter; see [1, 3] for steady-state values of the Kalman gains.
To evaluate the mean and the variance of the state vector estimation error after the star tracker measurement update and to propagate them further with gyro measurements, we substitute the star tracker measurement z st , Eq. (24), in Eq. (25), define the preupdate spacecraft attitude estimation error y;n y;n y;n that emerges in the innovation, and subtract the true state vector x n from both sides of the equation. We then arrive at the state estimation error update equatioñ
The mean of this state vector estimation error update equation is
To update the variance ofx n , the mean x n is subtracted from x n . Recalling the definitionx k x k x k , we arrive at the following update equation of the zero-mean estimation error vectorx n :~x
where the zero-mean estimation error~ y;n is defined as y;n y;n y;n . Postmultiply Eq. (28) with its own transpose and perform its expectation operation. The following covariance update equation then follows:
where P n;1 Ehx n ~y; n i the first column of P n (30a)
and R st is the variance of the star tracker measurement noise st . Note that the above update process maintains symmetry of the covariance matrix P n because Eq. (29) is of a Joseph form. After the above update, the gyro measurement process continues recursively for the next k 0; 1; . . . ; n samples with the sample period , and the star tracker measurement and update recurs at t T.
D. Steady-State Pre-and Postupdate Mean Attitude Estimation Error
One can derive literal steady-state mean of the attitude estimation error from the previous recursive attitude determination process. This steady-state process is portrayed in Fig. 2 where the index k n is reset to k 0 at every star tracker measurement epoch. Our objective now is to determine the pre-and postupdate mean attitude estimation error in terms of the gyro and star tracker misalignments.
In the state vector estimatex k , the first element is the spacecraft attitude estimate y;k . So the first row of Eq. (26) is
where the subscript n is replaced with "0," the subscript y is dropped from y for clarity, and k is the Kalman gain associated with y . The steady-state Kalman gain k is
the mean of which would be
Over the interval T from k 0 to k n, due to misalignment angles of the y gyro and orthogonal rates of the spacecraft, the y gyro accumulates an angular error of
From t 0 to t n, the attitude estimation error grows from 0 to
whereb is the drift rate estimate, rw (T) is the random walk at t T, and q is the quantization noise. Note that unlike the random walk, the quantization noise does not accumulate or grow. Because the random quantities in Eq. (35) 
each expressed exclusively in terms of the gyro/star tracker misalignment angles. Clearly, if the misalignment angles yx , yz , and st;y were all zero, the above two means would be zero also. The nonzero mean errors developed above cause relative position and relative velocity estimation errors, which in turn cause pointing and rate command estimation errors, according to the signal path shown in Fig. 1 . Figure 3 illustrates how the star tracker misalignment affects the focal plane measurement about the y axis. Suppose the focal plane boresight is oriented at an angle from an inertial reference, and the target is located at an elevation angle " from the focal plane boresight. Then, the true inertial line-of-sight angle of the target is ( "). The angle is measured by a star tracker which is misaligned about the y axis by st such that the measurement is st st per Eq. (24) with zero random noise. Because the focal plane boresight attitude in the inertial frame is , the measurement st is effectively from an estimated inertial reference at the misalignment angle st from the true inertial reference, as shown in Fig. 3 . The apparent inertial lineof-sight angle of the target is thus st " st ".
E. Attitude Estimation Error Affecting Relative Navigation
A vector/matrix counterpart of the above scalar representation affecting relative navigation will be formulated now. Figure 4 depicts a sensor focal plane whose center is hypothetically at the mass center of the chaser satellite. In the sensor frame x s y s z s , with the x s axis as the sensor boresight, the focal plane azimuth and elevation line-ofsight (small) angles are tan 1 y s =x s , and " tan 1 z s =x s , and the client satellite is located at the relative position ' s x s ; y s ; z s T in the sensor frame. In the inertial frame, the line-of-sight vector ' from the chaser satellite to the client satellite is related to ' s via the inertial attitude direction cosine matrix C Is of the sensor frame: ' F I C Is ' s where F I denotes the inertial frame. For a relative navigation Kalman filter, the state vector of which is in inertial Cartesian coordinates [2] , we require slopes of the angles and " with respect to the estimated LOS vector'. These slopes are related to the slopes in the sensor frame, thus [12] 
whereĈ Is is the estimated inertial attitude of the sensor, and' is the estimate of the relative position ' s of the target in the sensor frame. The attitude determination Kalman filter providesĈ Is . Because the gyro/star tracker misalignment angles affect the estimateĈ Is , clearly the relative position and relative velocity estimates,' and_ ', of the client from the chaser will be reckoned from the misaligned inertial frame, as in Fig. 3 . As a side comment, we note that in our earlier work, [1] , the slopes of the angles and " in the sensor frame in Eqs. (38) were transformed to the local-vertical-local-horizontal (LVLH) orbit frame. But this frame is not adopted here because the Clohessey-Wiltshire relative equations of motion in this frame cause significant relative navigation errors at the 10-20-km range [13] where an imaging sensor begins to sense a target satellite.
IV. Pointing and Tracking Commands
When the relative position vector ' of the target satellite from the chaser satellite has been estimated with a relative navigation Kalman filter [2] or otherwise, it is used to calculate the pointing command to bring the target to the focal plane center. Suppose the focal plane boresight unit vector b is initially aligned with the inertial x axis of the frame in which ' is estimated; then [14] shows that the quaternion command to align the boresight b with ' is
where u is the unit vector along 'u '=j'j. Clearly, if there is some estimation error in the estimate' wherefrom the unit vectorû is calculated, the estimated pointing commandq cI will have some estimation error. While the pointing command (39) is used to acquire and then track the target, the rate command may be used to track the target with greater precision. Knowing the relative velocity vector _ ', the angular rate command to track the target is [1] 
where the estimates of ' and _ ' are known in the inertial frame. From the attitude control standpoint, the rate command ! cI needs to be known in the current body frame, however, so that the rate error ! e ! cI ! bI can be calculated for control in this frame (where ! bI the spacecraft's inertial rate in the body frame). Therefore ' and _ ' need to be transformed from the inertial frame to the current body frame and then substituted in Eq. (40).
V. Numerical Results and Discussion

A. Rendezvous Scenario Using Glide-Slope Guidance
To illustrate relative navigation and guidance for the rendezvous of one satellite with another using the imaging sensor pointing controller, Fig. 1 , and to illustrate the controller's insensitivity to the gyro and star tracker misalignments, we developed a 9-degree of freedom (DOF) simulation: three translation DOF of the client satellite, and six translation and rotational DOF of the chaser satellite in a spherical plus J 2 gravity field. We consider a scenario shown in Fig. 5 where the chaser satellite is 19 km behind and 10 km below the target satellite at t 0. The initial position and velocity of the two satellites were specified in the inertial frame using orbital elements. Because guidance improves the estimation process due to additional dynamics and accelerometer measurements, a 1=60 Hz (i.e., sampling period 60 s) glide-slope guidance [15] In 1800 s, the guidance system steers the chaser satellite to its final position 1; 0; 1 km relative to the target in the target's instantaneous LVLH frame. Because the LVLH frames are convenient to visualize the motion of the chaser satellite relative to the target satellite, both true and estimated instantaneous LVLH frames of the two satellites are computed and used; the control system is based on inertial angles and inertial rates, however. The relative position and velocity estimates of the chaser satellite have initial estimation errors equal to 1; 0:49; 0:49 km (Fig. 5) and 0:5; 0:5; 0:5 m=s. A 10-Hz relative navigation Kalman filter removes the large initial estimation error with the first few 1-Hz angle measurements by the imaging sensor. The details of this filter are presented in [1, 2] . To isolate the effects of the gyro and star tracker misalignments, gyro drift, random walk, quantization and star tracker measurement noise are all ignored, although their variances are considered to determine the steady-state Kalman gains of the attitude estimator for blending the misaligned gyro and star tracker measurements. Only the imaging sensor random noise is included in the simulation. The glide-slope guidance commences at t 60 s, and steers the spacecraft to its final position in 29 pulses, one pulse every 60 s, in the remaining 1740 s. This gliding motion on a slope (hence the name glide slope) in the target satellite orbit plane is depicted in Fig. 5 .
B. Pointing and Rate Commands
Although for attitude control the inertial quaternion commands (39) and the inertial rate command vector (40) are used in the simulation, Euler angle commands and scalar rate commands are stated here for clarity and illustration. Assuming that the focal plane boresight is initially aligned with the x I -inertial axis, and that the lineof-sight vector ' in the inertial frame is ' F I ' xI ; ' yI ; ' zI , the pointing commands about the inertial y I axis and about the oncedisplaced z I axis are [15] the rendezvous scenario in Fig. 5 . The change in the slopes of the pointing commands and the discrete jumps in the rate commands every 60 s starting from t 60 s in Figs. 6a and 6b are due to the incremental velocity changes caused by the guidance thrusters. Note that the rate commands are of the same order of magnitude for all 1800 s because the guidance decreases periodically and exponentially both the relative velocity and the relative range with a pulse every 60 s. This limits the rate command estimation errors. The high-frequency noise apparent in the estimated rate commands is due to the sensor noise and the inertial navigation error mentioned previously, attenuated some by the relative navigation Kalman filter.
C. Line-of-Sight Command Angle Estimation Errors due to Misalignments
In all subsequent figures, unless specifically noted, GPS-based inertial navigation errors are zeroed. The difference between the true and the estimated LOS commands in Fig. 6a is shown in Fig. 7 about the focal plane y axis for four different cases of the rendezvous scenario in Fig. 5: a) the gyros and the star tracker aligned with the focal plane frame perfectly; b) the gyros misaligned by 0; 176; 50 rad but the star tracker aligned perfectly; c) the gyros aligned perfectly but the star tracker misaligned by 0; 500; 500 rad; and d) the gyros misaligned by 0; 176; 50 rad and the star tracker misaligned by 4500; 1060; 1060 rad. In each case, the gyros are initialized with the star tracker measurements, and the star tracker measurements take place every 6 s. The command estimation errors are referenced from the true commanded focal plane orientation to the estimated commanded focal plane orientation; in the transformation matrix notation, we have Cĉ c Cĉ I C Ic where C Ic the command-to-inertial transformation matrix, Cĉ I the inertialto-estimated commanded focal plane transformation matrix, and Cĉ c the transformation matrix from the true to the estimated commanded orientation. The y-and z-command angle estimation errors are then yc Cĉ 3; 1 element and zc Cĉ c 1; 2 element. For the four cases defined above, Fig. 7 illustrates yc and standard deviation img of the imaging sensor measurement noise, which increases discretely as the range reduces with time. In case a of perfect alignment of the gyros and the star tracker with the focal plane, the error yc is almost entirely well within img as it should be because of the noise attenuation property of the relative navigation Kalman filter. In case b in which the gyros are misaligned by 0; 176; 50 rad but the star tracker is aligned perfectly with the focal plane frame (recall that the star tracker measurements are used every 6 s in all cases), the attitude determination errors due to the gyro misalignments do not grow much with the spacecraft rates shown earlier in Fig. 6b , and the error yc remains about the same as in case a. In case c, where the star tracker is misaligned by 0; 500; 500 rad but the gyros are aligned perfectly (initialized with the star tracker measurements, however), the LOS command estimation error yc is found to be biased by the star tracker misalignment angle 500 rad, as intuition would suggest. Last, in case d, the gyros and the star tracker are both misaligned, but yc is essentially biased by the star tracker misalignment angle 1060 rad. Not surprisingly, these results are similar to the attitude estimation error results of an uncalibrated Kalman filter in [10] . Figure 8 , on the other hand, portrays attitude determination errors x ; y ; z arising from the gyros and the star tracker misalignments of case d in Fig. 7d , with star tracker measurement updates every 6 s and a steady-state attitude determination Kalman filter unaware of the misalignments. In brief, the three-axis attitude determination errors accumulated during the star tracker measurement interval T, solely due to the gyro misalignments and the spacecraft rate ! ! x ; ! y ; ! z , would be
where each gyro's misalignment is modeled with two angles [10] . The angle n defined earlier by Eq. (34) is the same as y above. The high-frequency noise, more visible in y and z in Fig. 8 , is due to the star tracker measurement updates every 6 s. The spacecraft's true rate ! is not shown here for brevity, but the attitude determination error in Fig. 8 about each axis hovers near the star tracker misalignment angle for that axis. Therefore, we infer from Figs. 7 and 8 that when the estimated quaternion and the estimated commanded quaternion are multiplied to obtain the quaternion error, the three-axis counterpart of the single-axis control error signal" in Fig. 1 , the quaternion error would be free from the time-varying bias errors due to the gyro and the star tracker misalignment angles (shown in Fig. 10 for the y axis). Small zero-mean high-frequency errors seen in Figs. 7 and 8 would remain, attenuated some by the low bandwidth tracking controller.
D. Focal Plane Image Angle Insensitive to Misalignments
The attitude control error signal," in Fig. 1 , is shown in Fig. 9 for the y axis for the same four cases. In addition, Fig. 9 shows the true focal plane image angle ". It is remarkable that" and " are about the same for all four cases;" is noisy as explained above but the gyros and the star tracker misalignment angles in cases b-d and the resulting bias errors seen in Fig. 8 have no influence on these variables. The image stays close to the focal plane center in all cases, as desired, despite the gyro/star tracker misalignments.
As the range between the two spacecraft diminishes, the pointing accuracy requirement for the focal plane of the imaging sensor relaxes, although the imaging sensor noise escalates because the target image illuminates a progressively larger pixel area. Figure 10 portrays the laser range finder (LRF) pointing requirement, ‡ the standard deviation of the sensor noise, § and the focal plane pointing accuracy versus the range between the two spacecraft for the above four cases. Curiously, as in Fig. 9 , the pointing accuracy achieved by the controller is the same for all four cases, and the gyro/star tracker misalignments have no influence on it. The pointing requirement commencing from the range 12.5 km is met for all four cases.
E. Image Angle with GPS Inertial Navigation Errors
In the results so far (except those in Fig. 6 ), the inertial position and velocity of the chaser satellite is assumed to be known without errors. When these errors, specified earlier, are included, the pointing accuracy requirement using the same six-state relative inertial navigation filter is met only occasionally, as shown in Fig. 11 . But these results are based on angle measurements only, ignoring the occasional range measurement that is made possible when the pointing accuracy requirement is momentarily met. The current relative navigation filter needs to be augmented to use these sporadic range measurements in conjunction with the azimuth and elevation angle measurements. Furthermore, to incorporate inertial navigation errors in the relative navigation formulation, a more complete Kalman filter model that encompasses orbit determination of both satellites with GPS receiver measurements might also be required. 
F. Steady-State Pointing Error due to Gyros and Star Tracker Random Noises
In the preceding time-domain simulation, we have ignored the zero-mean random noises of the gyros and star trackers. We will now illustrate the standard deviation of the steady-state zero-mean pointing error caused by these noise sources-the statistical analysis of Sec. II.
Suppose gyros measure spacecraft attitude with a quantization pulse q 5 rad. The corresponding standard deviation of the white noise would be q 5= 12 p 1:5 rad, and the quantization rate noise at 200 Hz gyro output would be _ q 2 p q =0:005 s 408 rad=s. This noise is attenuated by a 10 Hz low-pass filter to 0:22 _ q 90 rad=s. (The factor 0.22 is determined by analyzing the response of the first-order low-pass filter H LP in the discrete z domain.) If the gyro output is at 50 Hz, the filtered quantization rate noise would drop to 22 rad=s. For various bandwidths of the proportional-integral-derivative controller for spacecraft pointing, specified in terms of the time period (15, 22.5, . . ., 75 s) of the associated second-order complex conjugate pole, Fig. 12 shows the image angle standard deviation " attributed to the filtered _ q , Eq. (10) , versus the open-loop frequency 1=time period for both 200 and 50-Hz gyro output. We observe that, for the open-loop frequency range considered in Fig. 12, " diminishes as the openloop frequency (related to the closed-loop bandwidth) increases-a trend illustrated in [5] . We observe, too, that if the gyro output frequency is reduced to 50 Hz, the pointing error is halved. The gyro output frequency 50 Hz is acceptable because the closed-loop bandwidth of the PID controller is 0.06 Hz (corresponding to the 54 s period in Fig. 14) and it operates at a 25-Hz sampling frequency.
Next, the standard deviation of the steady-state pointing error owing to the zero-mean attitude determination error y , Eq. (9), is portrayed in Fig. 13 for the gyro parameters q 1:5 rad, v 0:75 rad=s 0:5 , u 4:0e 6 rad=s 3=2 , the star tracker noise st 35 rad, and the star tracker measurement intervals T 1, 15, and 300 s. For these parameters, the standard deviations of the attitude estimation error just before the star tracker measurement update at T 1, 15, and 300 s are 5.4, 10.4, and 23:5 rad, respectively [1] . Standard deviation " of the closed-loop target image angle on the focal plane, shown in Fig. 13 , is an order of magnitude smaller than for the same T. We further observe that unlike the s.d. of the image angle jitter due to the quantization rate noise, " in Fig. 13 increases with the open-loop frequency and with T. But these errors in Fig. 13 are much smaller than the errors due to the quantization rate noise in Fig. 12 .
G. Attitude Estimation Errors with Misalignments and Zero-Mean Noises of Gyros and Star Trackers
Earlier, Fig. 8 illustrated attitude estimation errors due to the misaligned gyros and star trackers, with the focal plane tracking a client satellite but without zero-mean random errors of the gyros and the star trackers. We now illustrate the analysis in Sec. III. Consider a single-axis (y-axis) gyro and a star tracker with the random noise parameters stated in the previous paragraph. In addition, the y gyro is misaligned by angles 50, 50 rad about the x and z axes, and the star tracker is misaligned by 100 rad. The gyro-measured attitude is initialized with a star tracker measurement, and the spacecraft rotates with constant rates 0:001; 0:001 rad=s about the x and z axes. The upper part of Fig. 14 
VI. Conclusions
A pointing and tracking controller for an imaging sensor on a chaser satellite to rendezvous with a target satellite is presented. Its remarkable attribute is that its pointing accuracy is independent of the misalignment of the gyros and star tracker inertial sensors with the optical axis of the imaging sensor. This transpires because the misalignments merely introduce a slightly disoriented inertial frame wherefrom both the attitude command estimate and the focal plane attitude estimate are measured. So, in the end, the difference of these two attitude estimates, the attitude error signal, inputted to the attitude controller is still estimated from an estimated imaging sensor boresight, not from the disoriented inertial frame. Consequently, the pointing accuracy of the imaging sensor is just the same whether gyros and star trackers are misaligned with the imaging sensor axes or not-a remarkable and very useful conclusion, but perhaps evident to some intuitively ab initio. 
